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4.1 - Preliminary Theory-Linear Equations

Definition: The equations

d" dr1 d
an(x)—y + ap_1(x) _y + -+ al(x)—y + ag(x)y =0 (1) and
dxn dxn1 dx
dny n—ly dy
an(X)=—= + ap_1(x)7—= + - + a1(x)== + ao(x)y = g(x) (2)
dxm dxn1 dx

are nth-order, linear differential equations. (1) is homogeneous, and if g(x) # 0,
then (2) is nonhomogeneous.

Definition: The points y(x,) = yo, ¥ (x0) = y1, 5 y(”_l)(xo) = y,_; are initial

conditions. An initial-value problem is (1) or (2), together with initial condi-
tions. In the event that we have information such as y(a) = yy, y(b) = yy, then
we have a boundary-value problem. 3 / { /
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Theorem: Existence of a Unique Solution %[ﬂ( ) 7 ( b) y 4 )

y"(o)

Let a,(x), an_1(x), ..., a;(x) and g(x) be continuous on an interval I and let

a,(x) # 0 for every x in this interval. If x = x; is any point in this interval, then a
solution y(x) of the initial-value problem (1) exists on the interval and is unique.
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Example: The given two-parameter family is a solution of the indicated differ-
ential equation on the interval (—oo, o). Determine whether a member of the
family can be found that satisfies the boundary conditions.

y=cix’+ cx*+3; x*y” —5xy +8y =24

@y(=1) =0, y(1)=4 b) y(0) =1, ¥(1) =2

©y(0) =3, y(1)=0 (d)y(1) =3, y(2)=15
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Definition: A set of functions fi(x), f2(x), ..., fu(x) is said to be linearly de-
pendent on an interval I if there exist constants cy, ¢, ..., ¢,, not all zero, such

that ¢; fi(x) + cofo(x) + -+ + cpfu(x) = 0 for every x in the interval. If the set
of functions is not linearly dependent on the interval, it is said to be linearly
independent

Definition: Suppose each of the functions fi(x), fa(x),..., fu(x) possesses at
least n — 1 derivatives. The determinant

fl/ le fr:

W(fi, for-os f) =

1 1 —
f(n ) f(n ) . fn(n 1)

where the primes denote derivatives, is called the Wronskian of the functions



Theorem: Criterion for Linearly Independent Solutions

Let y1, ¥2, ..., Yn be n solutions of the homogeneous nth-order differential equa-
tion (1) on an interval I. Then the set of solutions is linearly independent on [
if and only if W(yy1, y3, ..., yu) # 0 for every x in the interval.
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Example: Determine whether the given set of functions is linear g mdependeng)

on the interval (—oo, 00). 5,\4, hote -
fi(x) = cos 2x, fo(x) = 1, fz(x) = cos® x 3_'_ ‘f\ i
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Theorem: Superposition Principle-Homogeneous Equations

Let y1, ¥2, ..., Yk, be solutions of the homogeneous nth-order differential equation
(1) on an interval I. Then the linear combination ¢; y;(x)+ ca y2(x) + -+ + cx y(x),
where the ¢;, i = 1,2,..., k are arbitrary constants, is also a solution on the inter-
val.

Yy=e¥re > g1= 3757 Y= M5,
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Definition: Any set y;, Vs, ..., ¥p, Of n of linearly independent solutions of the

homogeneous nth-order differential equation (1) on an interval I is said to be a
fundamental set of solutions on the interval.

Theorem: General Solution-Homogeneous Equations

Let y4, ¥2, ..., ¥, be afundamental set of solutions of the homogeneous linear nth-
order differential equation (1) on an interval I. Then the general solution of the
equation on the interval is y = ¢;y1(x) + ¢ y2(x) + - + ¢ yn(x).

Example: Verify that the given functions form a fundamental set of solutions of
the differential equation on the indicated interval. Form the general solution.

x*y" +xy +y= cos(In x), sin(In x), (0, ) (ﬂA
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Theorem: Existence of a Fundamental Set

There exists a fundamental set of solutions for the homogenous linear nth-order
differential equation (1) on an interval I.

Definition: Any function y,, free of arbitrary parameters, that satisfies (2) is said

to be a particular solution of the equation.

Theorem: General Solution-Nonhomogeneous Equations

Let y, be any particular solution of the nonhomogeneous linear nth-order dif-
ferential equation (2) on an interval I and let yy, ys, ..., y, be a fundamental set of
solutions of the associated homogeneous differential equation (1) on I. Then the
general solution of the equation on the interval is

y = ciyi(x) + c2ya(x) + - + cpyn(x) +y,(x), where the ¢;, i = 1,2,...,n are

arbitrary S'E)nstants. Trow LJMJ eqn. be csmoe w29 s pon ij
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eorem: Superposition Principle-Nonhomogeneous Equations

Let yp,, ¥py» -+ » Yp, b€ k particular solutions of the nonhomogeneous linear nth-
order differential equation (2) on an interval I corresponding, in turn, to k distinct
functions gi, g, ..., 8. Then y,(x) = y,,(x) + y,,(x) +...+ y,,(x) is a particular

solution of \/

an(x)y(”) + an_l(x)y("_l) + 4 ar(x)y’ + ap(x)y = gi(x) "‘&x/) + ..+ gi(x)



Example: (a) Verify that y,, = 3¢** and y,, = x*+3x, respectively are particular
solutions of

@ y// . 6y/ + 5y :and
@y//_6y/+5y_—_5x2+3x—16.
g >0 Y =6, yp =12
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(b) Use part (a) to find particular solutions of
y” — 6y’ +5y =(5x* + 3x — 16@

Uo= X *3x +3e
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